Abstract. Let h be the Cartan subalgebra of the Witt algebra Wn over the Laurent polynomial algebra C[t ±1
introduction
We denote by Z, Z + , N and C the sets of all integers, non-negative integers, positive integers and complex numbers, respectively. All vector spaces and algebras in this paper are over C. We denote by U (a) the universal enveloping algebra of the Lie algebra a over C.
For n ∈ N, denote by
the Laurent polynomial algebra over C and by W n the Lie algebra of all derivations of A n . The Lie algebra W n is called the Witt algebra of rank n. Let ∂ i = t i ∂ ∂t i , i = 1, 2, · · · , n. Then
A n ∂ i .
For r = (r 1 , · · · , r n ) ∈ Z n , set t r = t r 1 1 t r 2 2 · · · t rn n . Then we can write the Lie bracket in W n as follows:
[t r ∂ i , t s ∂ j ] = s i t r+s ∂ j − r j t r+j ∂ i , i, j = 1, 2, · · · , n; r, s ∈ Z n .
It is known that h = ⊕ n i=1 C∂ i is the Cartan subalgebra of W n . The Virasoro algebra V is the universal central extension of W 1 . For convenience, we denote t The theory of weight Virasoro modules with finite-dimensional weight spaces is fairly well developed. In 1992, O. Mathieu [M] classified all irreducible modules with finite-dimensional weight spaces over the Virasoro algebra, proving a conjecture of Kac [Ka] . More precisely, Mathieu proved that irreducible weight modules with finite-dimensional weight spaces fall into two classes: (1) highest/lowest weight modules and (2) modules of tensor fields on a circle and their quotients. Mazorchuk and Zhao [MZ1] proved that an irreducible weight module over the Virasoro algebra is either a Harish-Chandra module or a module in which all weight spaces in the weight lattice are infinite-dimensional. In [CGZ, CM, LLZ, LZ2, Zh] , some simple weight modules over the Virasoro algebra with infinite-weight spaces were constructed. Very recently, the non-weight representation theory of the Virasoro algebra has made a big progress. A lot of new non-weight modules were obtained in [BM, GLZ, LGZ, LLZ, LZ1, MW, MZ2, OW, TZ1, TZ2] by using different methods.
In 2004 Eswara Rao [E] conjectured that irreducible modules over W n (n ≥ 2) with finite-dimensional weight spaces also fall in two classes: (1) modules of the highest weight type and (2) modules of tensor fields on a torus and their quotients. Recently, Y. Billig and V. Futorny [BF] proved that Rao's conjecture is true. There are also mixed weight modules over W n , see, for example [HWZ] . In [TZ3] , some non-weight irreducible representations for W n with n ≥ 2 were given.
The present paper mainly studies some non-weight representations over Witt algebras W n . More precisely, we will classify a class of non-weight modules over W n , which are free U (h)-modules of rank 1. Firstly, let us recall a class of modules over V and over W n .
For λ ∈ C * , a ∈ C, denote by Ω(λ, a) = C[∂] the polynomial associative algebra over C in the indeterminate ∂. In [LZ1] , a class of V-module is defined on Ω(λ, a) by
From [LZ1] we know that Ω(λ, a) is irreducible if and only if a = 0. In [TZ3] , a class of W n -modules were defined as follows. For any a ∈ C and Λ = (
2 · · · λ rn n , j = 1, 2, · · · , n. From Example 3 in [TZ3] we know that Ω(Λ, a) is irreducible if and only if a = 0.
The present paper is organized as follows. In section 2, we classify the modules over the Virasoro algebra V which are free U (Cd 0 )-modules of rank 1 (Theorem 2). These modules are exactly Ω(λ, a) for some λ ∈ C * and a ∈ C. We separate the Virasoro algebra case from W n because of the center CC of V. In section 3, we classify the modules over W n which are free U (h)-modules of rank 1 (Theorem 3). These are exactly the W n -modules Ω(Λ, a) for some Λ ∈ (C * ) n and a ∈ C.
In this section, we will classify the modules over the Virasoro algebra V which are free C[d 0 ]-modules of rank 1. The following observation is clear.
Proposition 1. Let M be an irreducible module over V. Then M is a non-weight module if and only if
From Proposition 1 we know that the modules we will consider are a class of non-weight modules over V. Since the modules have rank 1 as C[d 0 ]-modules, they are the most basic and the simplest class of non-weight modules over V. For this kind of V-modules, we have the following
So the module structure is determined by Cv,
Since Cd 1 + Cd 0 + Cd −1 ∼ = sl 2 (C) as Lie algebra with Cartan subalgebra Cd 0 and since M as Cd 1 + Cd 0 + Cd −1 -module is U (Cd 0 ) free of rank 1, from [N] we know that there are two cases:
The the leading term of the right-hand side of (2.1) is λ −1 a s (s + 4)d s+1 0 v = 0. So (2.1) cannot be true, i.e., Case (ii) does not occur.
We know that d ±1 (v) = λ ±1 (d 0 ∓ a)v for some λ ∈ C * and a ∈ C. By the equality 3d
We see that the degree of f 2 has to be 1. Let f 2 = λ 2 (αd 0 + β) for some α, β ∈ C. We know that 3(d 0 − a) = 3αd 0 + (a + 2β), yielding that α = 1, β = −2, i.e.,
and by induction on k ∈ N, k ≥ 2 we can deduce that
Thus we have a V-module isomorphism a) . This completes the proof.
3. W n -module structures on U (h)
In this section, we will determine the module structures on U (h) over the Witt algebras W n for n > 1. For convenience, we denote Π n j=1 ∂
We will have the following
Proof. Since M is a free U (h)-module of rank 1, there is a nonzero ele-
So the action of W n on M is determined by the t k ∂ i · v for k ∈ Z n and 1 ≤ i ≤ n. Firstly, we have
To the contrary, assume that t k ∂ i · v = 0 for some nonzero k ∈ Z n . The equation (3.1) implies that t k ∂ i · M = 0, i.e., ann(M ) = 0. Since W n is a simple Lie algebra and ann(M ) is a nonzero ideal of W n , this means ann(M ) = W n and hM = 0, which is impossible. Thus the claim holds.
Next, we have Claim 2. There are some λ i ∈ C * and a i ∈ R i such that t
with ν ±k i ,α ∈ R i and ν ±k i ,β ±k i = 0. By (3.1) we have
, which implies that (3.2) can not hold. Thus β k i + β −k i = 2. There are two cases: (i). β ±k i = 1; (ii). either β k i = 0 or β −k i = 0.
If Case (ii) holds, say,
This yields that t
By (3.2) we deduce that
Denote
Claim 3. We have a i ∈ C for i = 1, 2, ..., n. To the contrary, assume that some a i / ∈ C. Then there exists some j with
where f l ∈ R ij with s > 0 and f s = 0. By Claim 2 we see that t
Clearly, (3.3) can not hold for the case r = 0. So r > 0, and r + s ≥ 2. If s + r > 2, then (3.3) would be
as a polynomial in indeterminates ∂ i , ∂ j has degree < r + s − 1. Clearly, (3.4) can not hold. Thus s + r = 2, i.e., r = s = 1, and
for all nonzero k j ∈ Z, which is impossible. Therefore, we must have a i ∈ C, as desired.
From Claims 2 and 3 we know that for each i : 1 ≤ i ≤ n, there exist λ i ∈ C * and a i ∈ C such that (3.5) t
Let 1 ≤ i = j ≤ n and k j ∈ Z with k j = 0. Denote t
∂ j ] and by (3.5) we have
with s α ≥ 0 and x α,sα = 0, we obtain that the leading term of the left-hand side of (3.6) as a polynomial in indeterminate
Let 1 ≤ i = j ≤ n and let k i , k j be nonzero integers. From t
, and by (3.5) and (3.7) we have (3.8) t
and by (3.1) and (3.8) we obtain
Since W n is generated by {t k i i ∂ j |i, j = 1, 2, · · · , n; k i ∈ Z}, we know that the W n -module structure on U (h) is uniquely determined by the actions in (3.1), (3.5) and (3.7), and these actions are exactly the same as in (1.1) for Ω(Λ, a), where a = a i , Λ = (λ 1 , λ 2 , · · · , λ n ). Therefore, M ∼ = Ω(Λ, a). This completes the proof.
Remark. Unlike irreducible non-weight modules over the Virasoro algebra V for which Proposition 1 holds, there are non-weight W n -modules which are not free U (h)-modules. Let's look at the following example, which is a special case of Example 2 in [TZ3] .
Example. Let α 1 ∈ C\Z, α i ∈ C[t ±1 i ]\C, 2 ≤ i ≤ n. We can make A n into a W n -module by the following action
where r = (r 1 , r 2 , · · · , r n ), k = (k 1 , k 2 , · · · , k n ) ∈ Z n , i = 1, 2, · · · , n, and b ∈ C is a fixed number. From Example 2 in [TZ3] we know that the corresponding W n -module (we also denote it by A n ) is irreducible. Clearly, A n is a non-weight module over W n , ∂ 1 does not act freely on A n , and ∂ 2 , · · · , ∂ n act freely on A n . So A n is not a free U (h)-module.
In a separate paper under preparation, we are determining the module structure on U (h) for the Witt algebras W + n = Der(C[t 1 , t 2 , ..., t n ]. Quite surprisingly, the corresponding results in this case are fairly different from Theorem 3.
